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1. Introduction

A natural way to predict the response of a non-linear stochastic system is to replace the system
with an equivalent system whose response is exactly predictable, and to take the exact response
probability density or statistics of the equivalent system as the approximate one of the original
system. This idea leads to several different types of statistically equivalent system methods,
depending upon types of equivalent systems and equivalence criteria. Among them, the most
simple and broadly applicable one is the statistical linearization or equivalent linearization, or
stochastic linearization. In this method, the equivalent system is linear with external Guassian
excitation and the equivalence criterion is usually the minimum mean square discrepancy between
the original and equivalent systems. This method was proposed in early 1950s and now is quite
mature. For the details, readers are referred to monograph [1] and review papers [2—4]. However,
the mostly used Gaussian linearization is not justified mathematically [5,6]. Furthermore, by using
this method, only the first and second moments of the response can be predicted, which define
uniquely a Gaussian distribution. So the statistical linearization is not applicable to the non-linear
stochastic systems with intrinsic non-linearity and (or) with parametric (multiplicative)
excitations.

To improve the statistical linearization, the so-called equivalent non-linear system method was
developed. In this method, the equivalent system is non-linear one subject to external (added) and
(or) parametric (multiplicative) excitations of Gaussian white noises and equivalent criterion have
several different options. In 1980s, several versions of this method were proposed [7—10] mainly
for single degree-of-freedom non-linear stochastic systems. Later, the method was extended to
multi-degree-of-freedom stochastically excited and dissipated Hamiltonian systems, including
non-integrable, intergrable, and partially integrable ones [11-13]. An important feature of this
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version of equivalent non-linear system method is that the stiffness and stochastic excitations are
kept the same for the original and equivalent systems and only damping terms are replaced. Thus,
part of the non-linear characteristics of the original system can be carried over to the equivalent
one and the method is applicable to the non-linear stochastic systems with intrinsic non-linearity
and (or) with parametric excitations. Furthermore, the stationary probability density rather than
a few moments can be predicted by using this method.

In the equivalent non-linear system method for stochastically excited and dissipated integrable
Hamiltonian systems proposed previously [12], to obtain the approximate stationary probability
density of the original system, n(n + 1)/2 damping coefficients of the equivalent system are first
determined. In fact, however, it is not necessary. To obtain the approximate stationary solution,
only n derivatives of the probability potential with respect to first integrals of the associated
Hamiltonian system in non-resonant case are needed to be determined. Besides, the method was
developed only for non-resonant case.

In the present paper, the equivalent non-linear system method for MDOF stochastically excited
and dissipated integrable Hamiltonian systems in resonant case is developed. The approximate
probability density of a given non-linear stochastic system is obtained via finding n derivatives of
probability potential with respect to first integrals and « derivatives of probability potential with
respect to combinations of angle variables. The application and effectiveness of the new procedure
are illustrated with an example.

2. Exact stationary solution

The prerequisite for an equivalent non-linear system method for certain class of non-linear
stochastic systems is that there are sufficient exactly stationary solutions for that class of systems.
Before developing the equivalent system method, consider the exact stationary solutions of # d.o.f.
stochastically excited and dissipated integrable Hamiltonian systems. The equations of motion of
such a system are of the form:

. oH’

Qi_ﬁ—P[’

. oH' oH' . ..

P,-:—a—Qi—c,-ja—Pj+fl-kék(t), Lj=12,...,n, k=1,2,....m, (1)

where Q; and P; are generalized displacements and momenta, respectively; H = H'(Q, P) is twice
differentiable Hamiltonian; ¢; = ¢;(Q, P) represent coefficients of quasi-linear dampings; fix =
fi#(Q, P) are differentiable functions representing intensities of stochastic excitations; £,(¢) are
Gaussian white noises in the sense of Stratonovich with correlation functions E[&,(¢)¢,(t + 1)] =
2Dy0(7).

System (1) can be modelled as Stratonovich stochastic differential equations and then converted
into Ito stochastic differential equations by adding Wong—Zakai correction terms. Splitting
the Wong—Zakai correction terms into conservative and dissipative parts and combining them
with —0H'/0Q; and —c;;0H' /OP;, respectively, the following It6 stochastic differential equations
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are obtained:

oH
d i:—dl,
Q oP;
OH OH
Pi:_ AN T Ap iB s .9‘:1729"'7 s :1723"'7 ) 2
d <6Q,~+m]8Pj>dt+ak (1), I,] n, k m 2)

where H = H(Q,P) and m; = m;(Q,P) are, respectively, the Hamiltonian and damping
coefficients modified by the Wong-Zakai correction terms; o; = 6;;(Q,P) with e6! = = 2fDf";
By (r) are standard Wiener processes.

It has been shown that the exact-stationary solution of Eq. (2) depends upon the integrability
and resonance of the associated Hamiltonian system with Hamiltonian H [14,15].

Suppose that the modified Hamiltonian system with Hamiltonian H is integrable with n first
integrals Hy, H,, ..., H, (one of H; can be replaced by H) and internally resonant with « resonant
relations

Kloj=0, u=12,..,a 3)

where k! are small integers and w; = w;(I) = 0H /0l; are the n frequencies of the Hamiltonian
system. Action variables I; are related to H; by I; = f;(H). Introduce angle variables 6; =

wi(I)t 4+ ¢; and combinations of angle variables y, = k¥0;, u = 1,2, ...,o. The exact stationary
solution in resonant case is of the form [14]
r(q,p) = Cexp[—A(H, ‘|’)]|H:H(q,p),‘ll:'ll(q,p)’ )

where \ = [y, 1/,...1,]" and probability potential 4 satisfy the following n first order linear partial
differential equations:

- OH % _(OH 02 +6lpu ZAN
Top, " op; op; 0H, = op; oy,)
,],s:1,2,...,n, u=1,2,...,a. (5)

If the derivatives of probability potential with respect to first integrals, 04/0H,, and with respect
to the combinations of angle variables, 0//0y,, can be obtained from Eq. (5) and they satisfy the
following compatibility conditions:

&L &L oA
OH, 0H,, ~ OHuOH, 8,00, 00,00, OHp, opdH;

H 2
A= / or dH / 8} (7

The right-hand side of Eq. (7) is two line 1ntegrals with mtegrands summing over s = 1,2, ...,n
and u = 1,2, ...,a, respectively. The exact stationary probability density of the response of system
(1) is obtained by substituting Eq. (7) into Eq. (4).

It is noted that the key to find the exact stationary solution of system (1) is to find both 01/0H;
and 04/0y,, satisfying Egs. (5) and (6). It will be shown in the following that these derivatives are

(6)

then the solution to Eq. (5) is
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also the key for finding the approximate stationary solution by using the equivalent non-linear
system method.

If the action-angle variables I, 0, for the modified Hamiltonian system with Hamiltonian H can
be found, then Egs. (4)~(7) still hold if H; are replaced by ;.

3. Equivalent non-linear system method

Suppose that we are given an n d.o.f. stochastically excited and dissipated integrable
Hamiltonian system whose Ito6 equations are of the form

OH
dQ; = —dt,
O =2,
oH  0H
dPi:— - Ml"— t l'B t, .,.:1,2,..., N k:1,2,..., N
(5 M5 )dr + ol i " m 0

where all notations are the same as those in Eq. (2) except M; = M;(Q,P), which are the
coefficients of quasi-linear dampings. Assume that the exact stationary solution to system (8) is
not obtainable. The objective of our study is to find the approximate stationary solution of system
(8) by using the equivalent non-linear system method. The equivalent system is of the form of
Eq. (2). Systems (8) and (2) have the same Hamiltonian and stochastic excitations and they differ
only in damping coefficients. It is seen from Eq. (5) that m; contribute the exact stationary
solution jointly rather than individually. Thus, as for finding the approximate stationary solution
of system (8), it is not necessary to determine all equivalent damping coefficients individually as
did in [12]. Instead, it is sufficient to find the equivalent 61/0H; and 01/0y,,.

The equivalent system has exact stationary solution of the form of Eq. (4) with 4 satisfying
Egs. (5) and (6). Let

gs = gs(q: p) = 8/1/6HS, hu = hu(qs P) = 8/1/8%,

s=1,2,...,n, u=1,2,...,a. 9)
The difference between the given and equivalent systems is
O0H OH 10b; OH oy
i =My —my) = My ——+5 2 —3bj | =595 + =5 hu |- 10
o= My =my) 5 = Miop *2p, 2 f(apjg+apj ) (10

Once the equivalent g, and 4, are found for given Mj; based on some criterion and they satisfy the
compatibility conditions in Eq. (6), the approximate stationary solution of given system (8) is of
the form of Eq. (4) with 1 defined by Eq. (7). The following three equivalence criteria are used in
the following.

The first criterion for obtaining g; and /4, is minimizing the mean square deficiency in damping
forces with respect to g; and 4, i.e.,

min Efe;e;]. (11)
g.\"hll

The necessary conditions for Eq. (11) are
0E[eie]/0gs =0, s=1,2,...,n, (12a)
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Eleie])/oh, =0, u=12,...,0a, (12b)
or
o0
/ 6:(56/3g)p(@,p) dgdp =0, s=1,2, ...n, (13a)
o0
/ ei(0ei/oh)p(qp) dgdp =0, u=12, ..., (13b)

Introducing transformation from q,p to H,\, 0; = [0,0,---0,_,]", Eqgs. (13a) and (13b) can be
rewritten as

2n 0 2n '581 a(H \I»’ 01)> B
/0 /0 p(H,\ll)/O <8, 5%/' @) de, dHdy = 0,
s=1,2...,n, (14a)
2n o0 2n 581 O(H \I’ B]) > B
/0 /0 p(H, ) /O ( / ‘ @) de, dH dy =0,

u=12, ..., 0, (14b)

where |0(H, \,0,)/0(q, p)| is the absolute value of the Jacobian determinant for the transforma-
tion. Since p(H, ) is unknown, to proceed further, Egs. (14a) and (14b) are replaced by the
following more restrictive sufficient conditions:

L de\ /[0(H,\,0)) _ _
/0 |:<815_%>/W:|d91_0’ S—1,2,...,l’l, (153)
211
[( 58’)/‘6&1 -V, 61)}d91 —0, u=1,2,..,0 (15b)
a(q, p)

Inserting Eq. (10) into Eqs. (15a) and (15b) leads to

m 0H 10b; 1, (0H, O(H, s, 0))
2t R TR DIOE Tl R AR
/o {[ Top 2oy 2 "\ apy ! "o/ | . p) 1

s=1,2,...,n, (16a)

2n O0H 106b; 1., (0H, A(H, \r,0))
w13 S Pt -

/0 {[ Top, " 20p 27\ ap ! ! op; a(q, p)

u=12,...,0. (16b)

The second criterion for obtaining g, and A, is minimizing the mean square deficiency in the two
energies dissipated by the damping forces in the original and equivalent systems with respect to g;

and h,, i.e.,
2
min E <£,~ 8_H> . (17)
op;

gsshu
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Then, similar derivation as that from Egs. (13a) to (16b) yields

2n 8H[ OH 10b; OH, oy
Al B A2y (U )]
/0 {6pi Top 20y T\ ap op;

OH , OH,\ /|o(H,\,6)) }
X ; do, =0, s=1,2,...,n, 18a
<ap, ’apj>/ ‘ dap |J (182)
n GH[ OH 10b OH, Bl
Sl 10y, (0, o )]
/0 {6pf Top; 20p 2T\ op op;

oH 0oy, O(H,\,0y) B B
X(@p, Uapj)/‘ a.p) }dﬁl—O, u=12,...,a. (18b)

The third criterion for obtaining g, and /4, is equality of the expected time rates of H, (or ;) and
¥, associated with the given and equivalent systems, i.e.,

dH, dH,

E[dt] E[dt] , s=12,...,n, (19a)
- _
[dl} E[dt]u’ u=12,...,0. (19b)

The Ité equations for dH,/d¢, and dy,/d¢ can be derived from Egs. (8) and (2) by using It6
differential rule. Then, following the derivation from Eqgs. (13a)—(16b), the following equations for
determining g, and /%, can be obtained:

}df)l =0,

o \opil "op 20p Y 813,- Gpj é(q, p)

s=1,2,...,n, (20a)

(o, [ OH 10b; OH, A(H,\,0))
Ml —I— 2 l] - lbl.( ‘ S >} /‘ } 9 B 0,
/0 { opi | "ap;  2ap 2"\ ap (g, p)

u=1,2, ..o (20b)

Egs. (16a) and (16b), (18a) and (18b), (20a) and (20b), after completing the integration, are a set
of n + « linear algebric equations for g, and 4,,. If g; and &, can be obtained from solving one set of
these equations and they satisfy the compatibility conditions in Eq. (6), then the approximate
stationary probability density of given system (8) is obtained by substituting g; and 4, into Eq. (7)
then into Eq. (4).

If the action-angle vector I, 8 can be found for the Hamiltonian systems, then formulas similar
to Egs. (16a) and (16b), (18a) and (18b), (20a) and (20b) can be derived for determining the
probability potential. In this case the Jacobian determinant |0(I,\,0,)/d(q,p)| can be omitted
since it is a linear combination of Jacobian determinant |6(I,0)/d(q,p)| of a canonical
transformation with integers as coefficients and thus an integer.
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4. Example

Consider two non-linear damping oscillators coupled with linear dampings and subject to
Guassian white noise excitations. The equations of motion of the system are of the form

0, =Py,

Py = —0iQ — (11 + 01aP)Py — By Py + E(0),

0> = P,

Py = —30r — (o1 + un PPy — By P1 + E(0), 2

where w;, f;, a; are constants, &, (¢) are independent Gaussian white noises with intensities 2Dy.
There is no Wong—Zakai correction terms for this system. The Hamiltonian associated with this
system is

H=H +H, H=@Q+wq)2 (22)
System (21) can be modelled as Itd6 equations of the form of Eq. (8) with
M=oy +apPl, Mpo=p, My=p, My=o+ounpP,
by =2Dy, by =2D>, biy=by =0. (23)

Suppose that w; = w,. Then, the Hamiltonian system associated with system (21) is in primary
internal resonance. Introduce angle variables

0; =tg~ (pi/wigp), i=1,2 (24)
and the combination of angle variable
Yy =01 — 0. (25)
The inverse of Egs. (24) and (25) is

\/2H .
¢ = Leos(0r + ),  p1 = /2H, sin(0> + ),

(]

v/ 2H.
qr = 2 COS 92, P2 = 2H2 sin 92. (26)

w2
Thus
W _ o0 _ o
o op 2Hy
0 00, —
o _ =00 _—ogp 27
op2 ;2 2H,
The approximate stationary solution of system (21) is of the form of Eqgs. (4) and (7), i.e.,
o 9 Vol
= — —dH, — ——dH,; — — 2
r(q,p) CGXP[ / 6H1d 1 / asz 2 / awdw} (28)

where H;, are functions of q, p.
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Based on the first criterion, i.e., Egs. (16a) and (16b), g, = 04/0H,, s = 1,2, and h = 01/0y
satisfy the following equations:

2" 1 oy D1 B
Mypy + Muops — 55-bupign _jblla_h by — ) |db> =0,
0 P1 w1

/27I (lepl + Maps — 5= boprgs — 5 bx %h> <b22 p_z)} do, =0,
o L @ op2 )}

2n o o
/ <M11P1 + Mups — 55-bupigr — 3b1 a‘ﬁ ) <b11 lp)
0 P1

I opi
0 0
+ (lepl + Mypy — 50 bnpargs — 3bn —— v h) (bzz w)]d% = 0. (29)
op> op>
Inserting Egs. (26) and (27) into Eq. (29) and completing the integration lead to
_ 3o B [
g1 D1+2D1 1—i—Dl j72 cos y,
o 3o B, [Hi
g2_D2+2D2 2 D, Hzcosl//,
—2(p D1 H. D,H
p— 20D DAYy (30)

D3H, + DH,
The compatibility conditions in Eq. (6) require
By/Dy = B,/ Dx. (31)
Substituting Eqgs. (30) and (31) into Eq. (28) yields
o1y o2 3oz 0 3022
= —|—=—H H H +-—H.
r(q,p) CeXp[<D1 vrp g ity

—i—% v/ H{H> cos¢>}

Based on the second criterion, i.e., Eqs. (18a) and (18b), g, = 0A/0H,, s = 1,2, and h = 04/y
satisfy the following equations:

/Zn_ M + M —5—b fb %h b ﬁ do, =0
A _Pl 1171 12P2 20,] 11p1g1 — ”5]71 “wl 2 =0,

2n o 2
/ D2 <M21P1 + Myps — 50 bnpags — 5bx % h) <bzz )} do, =0,
o L

2n
0 0
/ D <M11P1 + Mips — 5= bupigr — 3 b1 —wh> <b11P1 _‘P)
o L 1 op opi

0 0
+p2 <M21P1 + Mypy — 5—brnprgr — 3 b2 a—lp h> <b22P2 —lp)] do, = 0. (33)
? P2 op2

(32)

Hi=(p?+w2q?)/20=tg~ (p1/o191)—tg~ " (p2/w242)
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Inserting Egs. (26) and (27) into Eq. (33) and completing the integration yield

o Sogn B
TN LA T CiF
N =p, 30, o,V ~cos

o1 Somn B
oy P
g2 D2+3D2 +D2 Hcosv,b

p= 2Bt BDY) e Gn . (34)
D3+ D}

The compatibility conditions in Eq. (6) require that Eq.(31) be satisfied. The approximate
stationary probability density of system (21) is obtained by inserting Egs. (34) and (31) into
Eq. (28) and completing the integration. The result is

021 5012 0 S0
= H +—H, +- H; H;
r(q,p) Cexp[ <D 1+D2 z+6D +6D
6
+ 6  H,H, cos w)} (35)
Dy Hi=(pl+02q) /20 =1g" (p1/o11)—tg~" (p2/ 0242)

According to the third criterion, i.e., Eqs. (20a) and (20b), ¢, = 04/0H,, s = 1,2, and h = 04/dy
satisfy the following equations:

-
/"P_l
0 LW1

I pa Lb
= M M- b — —b —
/0 _a)2< 21P1 + Maops — 20)2 22P292 22 a2 )]

8
<M11P1 + Mpy — 5 bupigr — id h>}

2n ‘6¢
/ . Myip1 + Mixpr — 511P191 *—bn —
0o LoP1

0
+ %(lepl + Mypy — 50 bnpags — 5bx 6_ hﬂ d6, = 0. (36)

Inserting Egs. (26) and (27) into Eq. (36) and completing the integration yield

o 302 B
S B LIEY TR
N=D, 2D, D, HCOW

o1 3o B>
a2y N
2=p, 20, b, HCOW

_ 2B Hx + ByHY) :
h= D.H, + D\, v H Hysiny. (37)
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The compatibility conditions in Eq. (6) require that Eq. (31) be satisfied. Instituting Egs. (37) and
(31) into Eq. (28) leads to the approximate stationary probability density of system (21)

o1 %21 3oz ., 302 5
—Cexp|— (Mg + 2y, 2222 22
r(@.p) e"p{ <D1 1t 2ty it yp,

+ 0 iiTcosy )| SNED
2

Hi=p}+0lq)/29=tg~ (p1 /o191)— 19~ (p2/ ©242)

Note that, Since b;; are constants, the first two equations in Eq. (36) are identical to those in
Eq. (29). The third equation in Eq. (36) is identical to that in Eq. (29) if b1y = b2,. So if by = by
are constants, then the first and third criteria yield the same g, and A. Although / in Eq. (30) is
different from that in Eq. (37), [ l/'hdgb is the same for the two criteria. So, the approximate

A
AR ) gz“\\\
AN
\

I

\\\\\\\\\\\\\\\ \
k\\\\\\\\\\\\\\\\\\g\\&

\\\\?3\

o .\ l“:’é‘i\ 0.3
00-23 II W\ \\\\o"l““ ‘ 0.25
i
2 i e T
o I
vo?) = il ' ““\\\ M‘\:‘gg‘- o

‘ >

s 3
J 0'“‘\“‘\‘\“‘&“‘ 3
RIS

é:: “2::“2“‘:“’

(b) © s -2.5-

Fig. 1. Stationary marginal probability density p(qi, ¢2) of system (21) in resonant case. w; = w, = 1, a;; = —0.08,

a2 = 0.08, az = —0.1, 0 = 0.1, f; =0.008, , =0.01, D; =0.008, D, =0.01. (a) from Eq. (32); (b) from digital
simulation.
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0.5

D; =0.008
D2,=0.01

D;=0.02
D, =0.025

Fig. 2. Stationary marginal probability density p(q;) of system (21) in resonant case. The parameters are the same as
those in Fig. 1, except D; and D, are variable. — analytical result; @ 4, from digital simulation.

14
D; =0.008
12 |- D,=0.01
r D;=0.02
D,=0.025
__osf
g
Q.
06 |-
04 |-
02 |-
0
15 1 05 0 05 1 15

Fig. 3. Stationary marginal probability density p(g,) of system (21) in resonant case. The parameters and symbols are
the same as those in Fig. 2.

0.74
072 -
0.7

0.68

E[Qs7]

0.66

0.64 -

0.62 —

06 1 1 1 1 1 1 1 1
0.002 0004 0006 0.008 0.01 0.012 0014 0016 0018 0.02

Do

Fig. 4. Stationary mean-square value E[Q%] of system (21) in resonant case as function of excitation intensity D; = Dy
and D, = 1.25Dy. The other parameters and symbols are the same as those in Fig. 2.
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0.2

0.18

0.16

0.14

0.12

0.1

ElQ7]

0.08

0.06

0.04

0.02

0 1 1 1 1 1 1 1 1
0.002 0004 0006 0.008 0.01 0012 0014 0016 0018 0.02

Do

Fig. 5. Stationary mean square value E[Q3] of system (21) in resonant case as function of excitation intensity D; = Dy
and D, = 1.25Dy. The other parameters and symbols are the same as those in Fig. 2.

stationary probability densities of system (21) obtained from the first and third criteria are the
same. The same circumstance occurs in the associated non-resonant case. This happens due to
the special excitation. In the case of multiple excitations or parametric excitation in damping
term, the first and third criteria will yield different results.

Some numerical results obtained by using the proposed method and from the digital simulation
of original system are shown in Figs. 1-5. The stationary marginal probability density p(qi, ¢2) of
system (21) obtained from Eq. (32) is shown in Fig. 1(a). The corresponding result from digital
simulation is shown in Fig. 1(b). The stationary marginal probability densities p(¢,) and p(g,) of
system (21) with two sets of different excitation intensities are shown in Figs. 2 and 3, respectively.
The stationary mean square values E[Q3] and E[Q3] of system (21) as functions of excitation
intensity are shown in Figs. 4 and 5, respectively. It is seen from these figures that the analytical
results and corresponding results from digital simulation are in excellent agreement.

5. Concluding remarks

The equivalent non-linear system method for stochastically excited and dissipated integrable
Hamiltonian systems in resonant case has been developed. Instead of finding the damping
coefficients of equivalent system, the derivatives of probability potential with respect to first
integrals and combinations of angle variables are determined for obtaining the approximate
stationary solution of a given system. The new technique is much more simper than that in
Ref. [12], especially for higher d.o.f. systems. Thus, this version of the equivalent non-linear
system method is more widely applicable. The comparison between the two results obtained by
using this method and from digital simulation for an example shows that this method may yield
quite accurate result. The results obtained by using this method for the example also show that
different criteria may lead to the same result in some special cases and that linear damping
coupling plays its roll only in resonant case.
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